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Abstract
A completely simple semigroup S is a semigroup without zero which has no proper ideals
and contains a primitive idempotent. It is known that S is a regular semigroup and any com-
pletely simple semigroup is isomorphic to the Rees matrix semigroup M [G; I,Λ;P ] (cf. [8]).
In the study of structure theory of regular semigroups, K.S.S. Nambooripad introduced the
concept of normal categories to construct the semigroup from its principal left(right) ideals
using cross-connections. A normal category C is a small category with subobjects wherein
each object of the category has an associated idempotent normal cone and each morphism
admits a normal factorization. A cross-connection between two normal categories C and D
is a local isomorphism Γ : D → N∗C where N∗C is the normal dual of the category C.
In this paper, we identify the normal categories associated with a completely simple semi-
group S = M [G; I,Λ;P ] and show that the semigroup of normal cones TL(S) is isomorphic
to a semi-direct product GΛ ⋉ Λ. We characterize the cross-connections in this case and
show that each sandwich matrix P correspond to a cross-connection. Further we use each
of these cross-connections to give a representation of the completely simple semigroup as a
cross-connection semigroup.
Keywords : Normal Category, Completely simple semigroup, Normal cones, Cross-connections,
Sandwich matrix.
AMS 2010 Mathematics Subject Classification : 20M17, 20M10, 20M50.
1 Introduction
In the study of the structure theory of regular semigroups, T.E. Hall (cf. [3]) used the ideal
structure of the regular semigroup to analyse its structure. P.A. Grillet (cf. [2]) refined Hall’s
theory to abstractly characterize the ideals as regular partially ordered sets and constructing the
fundamental image of the regular semigroup as a cross-connection semigroup. K.S.S. Namboori-
pad (cf. [7]) generalized the idea to any arbitrary regular semigroups by characterizing the ideals
∗Some of the results of this paper was presented at the International Conference in Algebra and its Applications,
Aligarh Muslim University, India held in December 2014.
†The author wishes to acknowledge the financial support (via JRF and SRF) of the Council for Scientific and
Industrial Research, New Delhi, India in the preparation of this article.
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as normal categories. A normal category C is a small category with subobjects wherein each
object of the category has an associated idempotent normal cone and each morphism admits a
normal factorization. All the normal cones in a normal category form a regular semigroup TC
known as the semigroup of normal cones. The principal left(right) ideals of a regular semigroup
S with partial right(left) translations as morphisms form a normal category L(S). A cross-
connection between two normal categories C and D is a local isomorphism Γ : D → N∗C where
N∗C is the normal dual of the category C. A cross-conection Γ determines a cross-connection
semigroup S˜Γ and conversely every regular semigroup is isomorphic to a cross-connection semi-
group for a suitable cross-connection.
A completely simple semigroup is a regular semigroup without zero which has no proper ideals
and contains a primitive idempotent. It is known that any completely simple semigroup is iso-
morphic to the Rees matrix semigroup M [G; I,Λ;P ] where G is a group I and Λ are sets and
P = (pλi) is a Λ× I matrix with entries in G(cf. [8]). Then M [G; I,Λ;P ] = G× I × Λ and the
binary operation is given by
(a, i, λ)(b, j, µ) = (apλjb, i, µ).
In this paper, we characterize the normal categories involved in the construction of a completely
simple semigroup as a cross-connection semigroup. We show that the category of principal left
ideals of S - L(S) has Λ as its set of objects and G as the set of morphisms between any two
objects. We observe that it forms a normal category and we characterize the semigroup of
normal cones arising from this normal category. We show that this semigroup is equal to the
semi-direct product ofGΛ⋉Λ. We characterize the principal cones in this category and show that
the principal cones form a regular sub-semigroup of GΛ⋉Λ. We also show for γ1 = (γ¯1, λk), γ2 =
(γ¯2, λl) ∈ TL(S), γ1L γ2 if and only if λk = λl and γ1Rγ2 if and only if γ¯1G = γ¯2G. Further
we characterize the cross-conncetions in this case and show that different cross-connections
correspond to different sandwich matrices P . We also use these cross-connections to give a
representation of the completely simple semigroup S as a cross-connection semigroup SΓ wherein
each element of the semigroup is represented as a normal cone pair (γ, δ) and multiplication of
elements is a semi-direct product multiplication.
2 Preliminaries
In the sequel, we assume familiarity with the definitions and elementary concepts of category
theory (cf. [5]). The definitions and results on cross-connections are as in [7]. For a category C,
we denote by vC the set of objects of C.
Definition 1. A preorder P is a category such that for any p, p′ ∈ vP, the hom-set P(p, p′)
contains atmost one morphism.
In this case the relation ⊆ on the class vP of objects of P defined by p ⊆ p′ ⇐⇒ P(p, p′) 6= ∅
is a quasi-order. P is said to be a strict preorder if ⊆ is a partial order.
Definition 2. Let C be a category and P be a subcategory of C. Then (C,P) is called a category
with subobjects if P is a strict preorder with vP = vC such that every f ∈ P is a monomorphism
in C and if f, g ∈ P and if f = hg for some h ∈ C, then h ∈ P. In a category with subobjects, if
f : c → d is a morphism in P, then f is said to be an inclusion. And we denote this inclusion
by j(c, d).
Definition 3. A morphism e : d→ c is called a retraction if c ⊆ d and j(c, d)e = 1c.
Definition 4. A normal factorization of a morphism f ∈ C(c, d) is a factorization of the form
f = euj where e : c→ c′ is a retraction, u : c′ → d′ is an isomorphism and j = j(d′, d) for some
c′, d′ ∈ vC with c′ ⊆ c, d′ ⊆ d.
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Definition 5. Let d ∈ vC. A map γ : vC → C is called a cone from the base vC to the vertex d
if γ(c) ∈ C(c, d) for all c ∈ vC and whenever c′ ⊆ c then j(c′, c)γ(c) = γ(c′). The cone γ is said
to be normal if there exists c ∈ vC such that γ(c) : c→ cγ is an isomorphism.
Given the cone γ we denote by cγ the the vertex of γ and for each c ∈ vC, the morphism γ(c) :
c→ cγ is called the component of γ at c. We define Mγ = {c ∈ C : γ(c) is an isomorphism}.
Definition 6. A normal category is a pair (C,P) satisfying the following :
1. (C,P) is a category with subobjects.
2. Any morphism in C has a normal factorization.
3. For each c ∈ vC there is a normal cone σ with vertex c and σ(c) = 1c.
Theorem 1. (cf. [7] ) Let (C,P) be a normal category and let TC be the set of all normal cones
in C. Then TC is a regular semigroup with product defined as follows :
For γ, σ ∈ TC.
(γ ∗ σ)(a) = γ(a)(σ(cγ))
◦ (1)
where (σ(cγ))
◦ is the epimorphic part of the σ(cγ). Then it can be seen that γ ∗ σ is a normal
cone. TC is called the semigroup of normal cones in C.
For each γ ∈ TC, define H(γ;−) on the objects and morphisms of C as follows. For each
c ∈ vC and for each g ∈ C(c, d), define
H(γ; c) = {γ ∗ f◦ : f ∈ C(cγ , c)} (2a)
H(γ; g) : γ ∗ f◦ 7→ γ ∗ (fg)◦ (2b)
Definition 7. If C is a normal category, then the normal dual of C , denoted by N∗C , is the
full subcategory of C∗ with vertex set
vN∗C = {H(ǫ;−) : ǫ ∈ E(TC)} (3)
where C∗ is the category of all functors from C to Set(cf. [5] ).
Theorem 2. (cf. [7] ) Let C be a normal category. Then N∗C is a normal category and is
isomorphic to R(TC) as normal categories. For γ, γ′ ∈ TC , H(γ;−) = H(γ′;−) if and only if
there is a unique isomorphism h : cγ′ → cγ , such that γ = γ
′ ∗ h. And γRγ′ ⇐⇒ H(γ;−) =
H(γ′;−).
To every morphism σ : H(ǫ;−)→ H(ǫ′;−) in N∗C, there is a unique σˆ : cǫ′ → cǫ in C such that
the component of the natural transformation σ at c ∈ vC is the map given by :
σ(c) : ǫ ∗ f◦ 7→ ǫ′ ∗ (σˆf)◦ (4)
Also H(γ;−) = H(γ′;−) implies Mγ = Mγ′ where Mγ = {c ∈ C : γ(c) is an isomorphism};
and hence we will denote Mγ by MH(γ;−).
Definition 8. Let C be a small category with subobjects. Then an ideal 〈c〉 of C is the full
subcategory of C whose objects are subobjects of c in C. It is called the principal ideal generated
by c.
Definition 9. Let C and D be normal categories. Then a functor F : C → D is said to be a
local isomorphism if F is inclusion preserving , fully faithful and for each c ∈ vC, F|〈c〉 is an
isomorphism of the ideal 〈c〉 onto 〈F (c)〉.
Definition 10. Let C and D be normal categories. A cross-connection is a triplet (D, C; Γ)
where Γ : D → N∗C is a local isomorphism such that for every c ∈ vC, there is some d ∈ vD
such that c ∈MΓ(d).
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Remark 3. Given a cross-conection Γ from D to C, there is a dual cross-connection ∆ from C
to D denoted by (C,D;∆).
Remark 4. Given a cross-connection Γ : D → N∗C, we get a unique bifunctor Γ(−,−) : C×D →
Set defined by Γ(c, d) = Γ(d)(c) and Γ(f, g) = (Γ(d)(f))(Γ(g)(c′)) = (Γ(g)(c))(Γ(d′)(f)) for all
(c, d) ∈ vC × vD and (f, g) : (c, d) → (c′, d′). Similarly corresponding to ∆ : C → N∗D, we
have ∆(−,−) : C ×D → Set defined by ∆(c, d) = ∆(c)(d) and ∆(f, g) = (∆(c)(g))(∆(f)(d′)) =
(∆(f)(d))(∆(c′)(g)) for all (c, d) ∈ vC × vD and (f, g) : (c, d)→ (c′, d′).
Theorem 5. (cf. [7]) Let (D, C; Γ) be a cross-conection and let (C,D;∆) be the dual cross-
connection. Then there is a natural isomorphism χΓ between Γ(−,−) and ∆(−,−) such that
χΓ : Γ(c, d)→ ∆(c, d) is a bijection.
Definition 11. Given a cross-connection Γ of D with C. Define
UΓ =
⋃
{ Γ(c, d) : (c, d) ∈ vC × vD} (5a)
U∆ =
⋃
{ ∆(c, d) : (c, d) ∈ vC × vD} (5b)
Theorem 6. (cf. [7]) For any cross-connection Γ : D → N∗C, UΓ is a regular subsemigroup of
TC such that C is isomorphic to L(UΓ). And U∆ is a regular subsemigroup of TD such that D
is isomorphic to L(U∆).
Definition 12. For a cross-connection Γ : D → N∗C, we shall say that γ ∈ UΓ is linked to
δ ∈ U∆ if there is a (c, d) ∈ vC × vD such that γ ∈ Γ(c, d) and δ = χΓ(c, d)(γ).
Theorem 7. (cf. [7]) Let Γ : D → N∗C be a cross-connection and let
S˜Γ = { (γ, δ) ∈ UΓ× U∆ : (γ, δ) is linked }
Then S˜Γ is a regular semigroup with the binary operation defined by
(γ, δ) ◦ (γ′, δ′) = (γ.γ′, δ′.δ)
for all (γ, δ), (γ′, δ′) ∈ S˜Γ. Then S˜Γ is a sub-direct product of UΓ and U∆op and is called the
cross-connection semigroup determined by Γ.
Let S be a regular semigroup. The category of principal left ideals of S is described as
follows. Since every principal left ideal in S has at least one idempotent generator, we may write
objects (vertexes) in L(S) as Se for e ∈ E(S). Morphisms ρ : Se → Sf are right translations
ρ = ρ(e, s, f) where s ∈ eSf and ρ maps x 7→ xs. Thus
vL(S) = {Se : e ∈ E(S)} and L(S) = {ρ(e, s, f) : e, f ∈ E(S), s ∈ eSf}. (6)
Proposition 8. (cf. [7]) Let S be a regular semigroup. Then L(S) is a normal category.
ρ(e, u, f) = ρ(e′, v, f ′) if and only if eL e′, fL f ′, u ∈ eSf , v ∈ e′Sf ′ and v = e′u. Let
ρ = ρ(e, u, f) be a morphism in L(S). For any g ∈ Ru ∩ ω(e) and h ∈ E(Lu),
ρ = ρ(e, g, g)ρ(g, u, h)ρ(h, h, f)
is a normal factorization of ρ.
Proposition 9. (cf. [7] ) Let S be a regular semigroup, a ∈ S and f ∈ E(La). Then for each
e ∈ E(S), let ρa(Se) = ρ(e, ea, f). Then ρa is a normal cone in L(S) with vertex Sa called
the principal cone generated by a. Mρa = {Se : e ∈ E(Ra)}. ρ
a is an idempotent in TL(S) iff
a ∈ E(S). The mapping a 7→ ρa is a homomorphism from S to TL(S). Further if S is a monoid,
then S is isomorphic to TL(S).
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Remark 10. If Sop denote the opposite semigroup of S with multiplication given by a ◦ b = b.a
where the right hand side is the product in S, then it is easy to see that L(Sop) = R(S) and
R(Sop) = L(S). Using these it is possible to translate any statement about the category R(S)
of right ideals of a semigroup S as a statement regarding the category L(Sop) of left ideals of the
opposite semigroup Sop and vice versa. Thus given a regular semigroup S, we have the following
normal category of principal right ideals R(S) and the dual statements of the Proposition 8
holds true for R(S).
vR(S) = {R(e) = eS : e ∈ E(S)} and R(S) = {κ(e, s, f) : e, f ∈ E(S), s ∈ fSe}. (7)
3 Normal categories in a completely simple semigroup.
Given a completely simple semigroup S, it is known that S is isomorphic to a Rees matrix
semigroup S = M [G; I,Λ;P ] where G is a group I and Λ are sets and P = (pλi) is a Λ × I
matrix with entries in G(cf. [8]). Note that S = G× I ×Λ and the binary operation is given by
(a, i, λ)(b, j, µ) = (apλjb, i, µ).
It is easy to see that (g1, i1, λ1)L (g2, i2, λ2) if and only if λ1 = λ2 (cf. [4]). Also (a, i, λ) is an
idempotent if and only if a = (pλi)
−1. Observe that in this case, every principal left ideal Se
where e = (a, j, λ) is an idempotent can be described as Se = {(g, i, λ) : g ∈ G, i ∈ I}. So Se
depends only on λ and we may write Se = G× I × {λ}. Thus
vL(S) = {G× I × {λ} : λ ∈ Λ}.
Henceforth we will denote the left ideal Se = G× I × λ by λ¯ and the set vL(S) will be denoted
by Λ¯.
Recall that any morphism from Se = λ¯1 to Sf = λ¯2 will be of the form ρ(e, u, f) where
u ∈ eSf (see equation 6). Now for e = (a, j, λ1) and f = (b, k, λ2), it is easy to see that
eSf = {(k, j, λ2) : k ∈ G}. Also for u = (k, j, λ2) ∈ eSf and (h, i, λ1) ∈ λ¯1, we have
(h, i, λ1)(k, j, λ2) = (hpλ1jk, i, λ2). Hence for (h, i, λ1) ∈ λ¯1, the morphism ρ(e, u, f) maps
(h, i, λ1) 7→ (hpλ1jk, i, λ2) where u = (k, j, λ2). Observe that morphism involves only the right
translation of the group element h to hpλ1jk. And hence the morphism is essentially h 7→ hg
such that g ∈ G for some arbitrary g ∈ G (taking pλ1jk = g). And so any morphism from λ¯1 to
λ¯2 is determined by an element g ∈ G. We may denote this morphism by ρ(g) so that
ρ(g) : (h, i, λ1) 7→ (hg, i, λ2).
Hence the set of morphisms from λ¯1 to λ¯2 can be represented by the set G.
Proposition 11. Every morphism in L(S) is an isomorphism.
Proof. By the discussion above any morphism ρ(g) : λ¯1 → λ¯2 in L(S) is given by (h, i, λ1) 7→
(hpλ1jk, i, λ2). Now we show that for g
′ = p−1λ2ik
−1p−1λ1j , ρ(g
′) : λ¯2 → λ¯1 is the right inverse
of ρ(g). To see that observe that ρ(g)ρ(g′) : (h, i, λ1) 7→ (hpλ1jk, i, λ2)(p
−1
λ2i
k−1p−1λ1j , i, λ1) =
(hpλ1jkpλ2ip
−1
λ2i
k−1p−1λ1j, i, λ1) = (h, i, λ1). Also for g
′′ = k−1p−1λ1jp
−1
λ1i
, we see that ρ(g′′)ρ(g) :
(h, i, λ2) 7→ (hk
−1p−1λ1jp
−1
λ1i
, i, λ1) (pλ1jk, i, λ2) = (hk
−1p−1λ1jp
−1
λ1i
pλ1ipλ1jk, i, λ2) = (h, i, λ2). And
so ρ(g′′) : λ¯2 → λ¯1 is the left inverse of ρ(g). Hence every morphism is an isomorphism in
L(S).
Remark 12. Since every morphism in L(S) is an isomorphism, L(S) is a groupoid . So in
L(S), all inclusions are identities and the epimorphic component of every morphism will be the
morphism itself.
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Now we characterize the normal cones in L(S). Recall that a cone in C with vertex d ∈ vC
is a map γ : vC → C such that γ(c) ∈ C(c, d) for all c ∈ vC and whenever c′ ⊆ c then
j(c′, c)γ(c) = γ(c′). Since there are no non trivial inclusions in L(S), the second condition is
redundant. So every cone in L(S) with vertex µ¯ is a mapping γ : vL(S) → L(S) such that for
any λ¯ ∈ Λ¯, γ(λ¯) : λ¯→ µ¯ is a morphism in L(S). Let γ(λ¯) = ρ(g) for some g = g(λ) ∈ G. Now
for any other λ¯2 ∈ Λ¯, we have γ(λ¯2) = ρ(h) for some h ∈ G. Since no relation between g and h
is required in describing cones in this case; any choice of g(λ) ∈ G for λ ∈ Λ produces a normal
cone. Thus a cone with vertex λ¯ can be represented as (γ¯, λ) where γ¯ ∈ GΛ. Also since every
morphism is an isomorphism, every cone in L(S) will be a normal cone.
Now GΛ has the structure of a group as the direct product of G over Λ. And Λ (coming from
the Rees matrix semigroup) is a right zero semigroup.
Lemma 13. GΛ × Λ is a semigroup with the binary operation defined as follows. Given γ1 =
(γ¯1, λk), γ2 = (γ¯2, λl) ∈ G
Λ × Λ
γ1 ∗ γ2 = (γ¯1.g¯k, λl) (8)
where gk = γ¯2(λk) and g¯k = (gk, gk, gk, ...) ∈ G
Λ.
Proof. Observe (γ¯1.g¯k, λl) ∈ G
Λ×Λ and so clearly ∗ is a well-defined binary operation on GΛ×Λ.
Now if γ1 = (γ¯1, λk), γ2 = (γ¯2, λl), γ3 = (γ¯3, λm) ∈ G
Λ × Λ; then
(γ1 ∗ γ2) ∗ γ3 = (γ¯1.g¯k, λl) ∗ (γ¯3, λm) = ((γ¯1.g¯k).h¯l, λm)
where hl = γ¯3(λl). And as γ¯2h¯l(λk) = g¯k.h¯l,
γ1 ∗ (γ2 ∗ γ3) = (γ¯1, λk) ∗ (γ¯2h¯l, λm) = (γ¯1.(g¯k.h¯l), λm)
Now since (γ¯1.g¯k).h¯l = γ¯1.(g¯k.h¯l) = γ¯1.g¯k.h¯l (being multiplication in the group G
Λ and hence
associative); we have
(γ1 ∗ γ2) ∗ γ3 = γ1 ∗ (γ2 ∗ γ3) for all γ1, γ2, γ3 ∈ G
Λ × Λ.
Hence ∗ is associative and so (GΛ × Λ, ∗) is a semigroup.
Proposition 14. The semigroup TL(S) of all normal cones in L(S) is isomorphic to GΛ × Λ.
Proof. Since a normal cone with vertex λ¯ can be represented as (γ¯, λ) where γ¯ ∈ GΛ, TL(S) ⊆
GΛ × Λ. Conversely since any (γ¯, λ) ∈ GΛ ×Λ represents a cone in L(S), GΛ ×Λ ⊆ TL(S) and
hence GΛ × Λ = TL(S).
Now the multiplication in TL(S) is defined as for any λ ∈ Λ, (γ1 ∗ γ2)(λ) = γ1(λ)(γ2(cγ))
◦ (see
equation 1) for γ1, γ2 ∈ TL(S). Let γ1 = (γ¯1, λk), γ2 = (γ¯2, λl) ∈ G
Λ × Λ, γ2(cγ1) = (g¯k, λl)
where gk = γ¯2(λk) and g¯k = (gk, gk, gk, ...) ∈ G
Λ. And since the epimorphic component of any
morphism in L(S) is itself γ2(cγ1)
◦ = (g¯k, λl).
Therefore
γ1 ∗ γ2 = γ1.(γ2(cγ1))
◦ = (γ¯1, λk).(g¯k, λl) = (γ¯1.g¯k, λl).
And hence TL(S) is isomorphic to GΛ × Λ.
We further observe that the semigroup obtained here can be realised as a semi-direct product
of semigroups.
Definition 13. Let S and T be semigroups. A (left) action of T on S is a map ψ : T × S → S,
satisfying: (i) (t1t2, s)ψ = (t1, (t2, s)ψ)ψ and
(ii) (t, s1s2)ψ = (t, s1)ψ(t, s2)ψ for all t, t1, t2 ∈ T and s, s1, s2 ∈ S. We denote (t, s)ψ = t ∗ s.
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Definition 14. Let S and T be semigroups. The semidirect product S ⋉ T of S and T , with
respect to a left action ψ of T on S is defined as S × T with multiplication given by
(s1, t1)(s2, t2) = (s1 (t1 ∗ s2), t1t2)
It is well known that S ⋉ T is a semigroup. It is trivially verified that the idempotents in
S ⋉ T are the pairs (s, t) such that t ∈ E(T ) and s(t ∗ s) = s.
Now we show that the semigroup of normal cones in L(S) is isomorphic to a semi-direct product
GΛ ⋉ Λ of GΛ and Λ.
Firstly, we look at the semigroups GΛ and Λ. Since G is a group; GΛ will form a group under
component-wise multiplication defined as follows.
For (g1, g2...),(h1, h2...) ∈ G
Λ
(g1, g2...)(h1, h2...) = (g1h1, g2h2, ...)
and hence in particular GΛ is also a semigroup. The set Λ admits a right zero semigroup
structure and hence has an in-built multiplication given by λkλl = λl for every λk, λl ∈ Λ.
Now we define a left action of Λ on GΛ as follows. For λk ∈ Λ and g¯ = (g1, g2, ...) ∈ G
Λ,
λk ∗ g¯ = (gk, gk, ...) (9)
where gk = g¯(λk).
Lemma 15. The function as defined in equation 9 is a left action of Λ on GΛ.
Proof. Clearly the function is well-defined. Now for g¯ = (g1, g2, ...) ∈ G
Λ and λk, λl ∈ Λ, since
λkλl = λl,
λkλl ∗ g¯ = λkλl ∗ (g1, g2, ...) = λl ∗ (g1, g2, ...) = (gl, gl, ...).
Also
λk ∗ (λl ∗ (g¯)) = λk ∗ (λl ∗ (g1, g2, ...)) = λk ∗ (gl, gl, ...) = (gl, gl, ...).
Hence λkλl ∗ g¯ = λk ∗ (λl ∗ (g¯)) for g¯ ∈ G
Λ and λk, λl ∈ Λ.
Then for g¯ = (g1, g2, ...), h¯ = (h1, h2, ...) ∈ G
Λ, and λk ∈ Λ,
λk ∗ (g¯h¯) = λk ∗ ((g1, g2...)(h1, h2...), )) = λk ∗ (g1h1, g2h2, ...) = (gkhk, gkhk, ...).
And
(λk ∗ g¯)(λk ∗ h¯) = (λk ∗ (g1, g2, ...))(λk ∗ (h1, h2, ...))
= (gk, gk, ...)(hk , hk, ...) = (gkhk, gkhk, ...).
And hence λk ∗ (g¯h¯) = (λk ∗ g¯)(λk ∗ h¯) for g¯, h¯ ∈ G
Λ, and λk ∈ Λ.
Thus equation 9 is a left semigroup action of Λ on GΛ.
Proposition 16. TL(S) is the semi-direct product GΛ⋉Λ with respect to the left action above.
Proof. The semi-direct product of GΛ⋉Λ with respect to the left action is given as follows. For
(γ¯1, λk), (γ¯2, λl) ∈ G
Λ × Λ,
(γ¯1, λk) ∗ (γ¯2, λl) = (γ¯1.(λk ∗ γ¯2), λkλl) = (γ¯1.g¯k, λl)
where gk = γ¯2(λk) and g¯k = (gk, gk, ...). So if γ1 = (γ¯1, λk) and γ2 = (γ¯2, λl) then the multipli-
cation defined above is exactly the same multiplication defined in equation 8 and hence TL(S)
is the semi-direct product GΛ ⋉ Λ with respect to the left action above.
Now we proceed to characterize the principal cones in TL(S).
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Proposition 17. The principal cones in TL(S) forms a regular subsemigroup of GΛ ⋉ Λ.
Proof. Given a = (ga, ia, λa), the principal cone ρ
a (see Proposition 9) will be a normal cone
with vertex λ¯a such that each left ideal λ¯k is right multiplied by (ga, ia, λa). But since the
morphisms in L(S) involves right multiplication by the product of a sandwich element of the
matrix and the group element; at each λ¯k ∈ Λ, ρ
a(λ¯k) = pλkiaga (where the sandwich matrix
P = (pλi)λ∈Λ,i∈I ).
Hence ρa can be represented by (pλ1iaga, pλ2iaga, pλ3iaga, ...;λa) ∈ G
Λ
⋉Λ. Observe that ρ¯a ∈ GΛ
is the right translation of the ia-th column of the sandwich matrix P with group element ga.
Now ρa.ρb = (pλ1iaga, pλ2iaga, pλ3iaga, ..., λa).(pλ1ibgb, pλ2ibgb, pλ3ibgb, ..., λb)
= (pλ1iagapλaibgb, pλ2iagapλaibgb, pλ3iagapλaibgb, ..., λb).
Also a.b = (ga, ia, λa)(gb, ib, λb) = (gapλaibgb, ia, λb).
So ρab = (pλ1iagapλaibgb, pλ2iagapλaibgb, pλ3iagapλaibgb, ..., λb).
Hence ρa.ρb = ρab and consequently the map a 7→ ρa from S → TL(S) is a homomorphism. So
the set of principal cones in L(S) forms a subsemigroup of TL(S). And since S is regular , the
semigroup of principal cones forms a regular subsemigroup of GΛ ⋉ Λ.
If S is a regular monoid, then it is known that S is isomorphic to TL(S)(see Proposition 9).
In general, if S is not a monoid this may not be true. But always there exists a homomorphism
from S → TL(S) mapping a 7→ ρa which may not be injective or onto. The map is not injective
when S is a rectangular band. And the above discussion tells us that if S is a completely simple
semigroup, the map is never onto TL(S). But in the case of completely simple semigroups, there
exists some special cases where this map is infact injective and consequently S can be realized
as a subsemigroup of TL(S).
Theorem 18. S = M [G; I,Λ;P ] is isomorphic to the semigroup of principal cones in TL(S) if
and only if for every g ∈ G and i1 6= i2 ∈ I, there exists λk ∈ Λ such that pλki1 6= pλki2g.
Proof. As seen above, there exists a semigroup homomorphism from ψ : S → TL(S) mapping
a 7→ ρa . Now S can be seen as a subsemigroup of TL(S) if and only if ψ is injective.
We claim ψ is injective only if for every i1 6= i2 ∈ I and every g ∈ G, there exists λk ∈ Λ such
that pλki1 6= pλki2g. Suppose not. .ie there exists i1 6= i2 ∈ I and a g ∈ G such that pλki1 = pλki2g
for every λk ∈ Λ. Then without loss of generality, assume g = g2g
−1
1 for some g1, g2 ∈ G. Then
pλki1 = pλki2g2g
−1
1 for some g1, g2 ∈ G. .ie pλki1g1 = pλki2g2 for every λk ∈ Λ. And hence if a =
(g1, i1, λ) and b = (g2, i2, λ); then since i1 6= i2, a 6= b. Then ρ
a = (pλ1i1g1, pλ2i1g1, pλ3i1g1, ..., λ)
and ρb = (pλ1i2g2, pλ2i2g2, pλ3i2g2, ..., λ). And since pλki1g1 = pλki2g2 for every λk ∈ Λ, a 6= b
but ρa = ρb. And hence ψ is not injective. And hence S is not isomorphic to the semigroup of
principal cones in TL(S).
Conversely suppose for every i1 6= i2 ∈ I and every g ∈ G, there exists λk ∈ Λ such that
pλki1 6= pλki2g, we need to show ψ is injective so that S is isomorphic to the semigroup of
principal cones. Suppose if a = (ga, ia, λa) and b = (gb, ib, λb) and ψ(a) = ψ(b). So ρ
a = ρb
; .ie (pλ1iaga, pλ2iaga, pλ3iaga, ..., λa) = (pλ1ibgb, pλ2ibgb, pλ3ibgb, ..., λb). So clearly λa = λb. And
pλkiaga = pλkibgb for every λk ∈ Λ. Now if ga 6= gb, then pλkia = pλkibgbg
−1
a and so pλkia = pλkibg
for every λk ∈ Λ(taking g = gbg
−1
a ). But this will contradict our supposition unless ia = ib. But
then pλkia = pλkiag for every λk ∈ Λ. Now this is possible only if g = e ; which implies gbg
−1
a = e
.ie gb = ga; which is again a contradiction. Hence ga = gb.
Now if ia 6= ib; then we have pλkiaga = pλkibgb for every λk ∈ Λ. Then taking g = gbg
−1
a ; we
have pλkia = pλkibg for every λk ∈ Λ ; which is again a contradiction to our supposition. Hence
ia = ib.
So (ga, ia, λa) = (gb, ib, λb) and so a = b. Thus ρ
a = ρb implies a = b making ψ injective. So if
for every i1 6= i2 ∈ I and every g ∈ G, there exists λk ∈ Λ such that pλki1 6= pλki2g, then S is
isomorphic to the semigroup of principal cones. Hence the proof.
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Now we proceed to characterize the Green’s relations in TL(S).
Proposition 19. If γ1 = (γ¯1, λk), γ2 = (γ¯2, λl) ∈ TL(S), then γ1L γ2 if and only if λk = λl.
Proof. Suppose if λk 6= λl. Then for an arbitrary γ = (γ¯, λm) ∈ TL(S),
γγ1 = (γ¯, λm)(γ¯1, λk) = (γ¯.g¯m, λk) where gm = γ1(λ¯m).
Hence γγ1 ∈ G
Λ×λk. And since γ¯ ∈ G
Λ is arbitrary, TL(S)γ1 = G
Λ×λk. Similarly TL(S)γ2 =
GΛ × λl. And so TL(S)γ1 6= TL(S)γ2.
Conversely if λk = λl, then G
Λ × λk = G
Λ × λl and so TL(S)γ1 = TL(S)γ2. Thus γ1L γ2.
Hence the proof.
Now we proceed to get a characterization of Green’s R relation in the semigroup TL(S).
This will also give the characterization for the normal dual N∗L(S). For this end, begin
by observing that GΛ is a group with component-wise multiplication defined as follows. For
(g1, g2...),(h1, h2...) ∈ G
Λ
(g1, g2...)(h1, h2...) = (g1h1, g2h2, ...)
Then G may be viewed as a subgroup (not necessarily normal) of GΛ by identifying g 7→
(g, g, ...) ∈ GΛ. Then for some γ¯ = (g1, g2...) ∈ G
Λ we look at the left coset γ¯G of G in GΛ with
respect to γ¯. It is defined as
γ¯G = {(g1g, g2g, ...) : g ∈ G}
Observe that these cosets form a partition of GΛ. Now we show that these left cosets of G in
GΛ infact gives the characterization of Green’s R relation in TL(S).
Let γ = (γ¯, λm) ∈ TL(S); then γ1γ = (γ¯1, λk)(γ¯, λm) = (γ¯1.g¯k, λm) where gk = γ(λ¯k). Hence
γ1γ ∈ (γ¯1G)×Λ. And since γ ∈ G
Λ ×Λ is arbitrary, both λm and gk can be arbitrarily chosen.
And hence γ1TL(S) = (γ¯1G) × Λ. And this gives us the following characterization of the R
relation in TL(S).
Proposition 20. For γ1 = (γ¯1, λk), γ2 = (γ¯2, λl) ∈ TL(S), γ1Rγ2 if and only if γ¯1G = γ¯2G.
Proof. Suppose γ¯1G = γ¯2G; then (γ¯1G)×Λ = (γ¯2G)×Λ and by the above discussion γ1TL(S) =
γ2TL(S) and hence γ1Rγ2.
Conversely suppose γ¯1G 6= γ¯2G. i.e there exists a γ = (γ¯, λm) ∈ TL(S) such that γ¯ ∈ γ¯1G but
γ¯ /∈ γ¯2G. And hence γ ∈ (γ¯1G) × Λ but γ /∈ (γ¯2G) × Λ. And hence γ1TL(S) 6= γ2TL(S). And
so γ1 and γ2 are not R related.
Hence the proof.
Remark 21. A very important remark is to be made. Recall from Theorem 2 that for γ1, γ2 ∈
TC and if γ1Rγ2, then Mγ1 = Mγ2. The discussion above provides a counter example for the
converse. Observe that if we take C = L(S) where S is a completely simple semigroup, then
by Remark 12, L(S) is a groupoid. And hence Mγ = vL(S) for every γ ∈ TL(S). But by
Proposition 20, for γ1 = (γ¯1, λk), γ2 = (γ¯2, λl) ∈ TL(S), γ1Rγ2 if and only if γ¯1G = γ¯2G. So if
we take γ1, γ2 ∈ TL(S) such that γ¯1G 6= γ¯2G, then Mγ1 = Mγ2 = Λ¯ but γ1 is not R related to
γ2.
Now we proceed to describe the normal dual N∗L(S).
Proposition 22. The normal dual N∗L(S) is a category such that vN∗L(S) is the left cosets
of G in GΛ and there is a bijection ψ from the set of morphisms in N∗L(S) to the group G such
that (σ)ψ ◦ (τ)ψ = (τ ◦ σ)ψ where σ and τ are morphisms in N∗L(S).
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Proof. By Proposition 20, vR(TL(S)) is the set of all left cosets of G in GΛ and Theorem 2,
R(TL(S)) is isomorphic to N∗L(S) as normal categories. Hence the normal dual N∗L(S) of
L(S) is the category whose objects are the left cosets of G in GΛ with morphisms σh described
as follows.
Recall that by Theorem 2, to every morphism σ : H(γ1;−) → H(γ2;−) in N
∗L(S), there is
a unique σˆ : cγ2 → cγ1 in L(S) such that the component of the natural transformation σ at
Se ∈ vL(S) is the map given by σ(Se) : γ1 ∗ f
◦ 7→ γ2 ∗ (σˆf)
◦. Hence if γ1 = (γ¯1, λk) and
γ2 = (γ¯2, λl), corresponding to the morphism σ : γ¯1G → γ¯2G, there exists a unique morphism
ρ(h) : λ¯l → λ¯k, such that for γ¯1g ∈ γ¯1G and for some ρ(g) : λ¯k → λ¯
σ(λ¯) : γ¯1g 7→ γ¯2hg.
We will denote this morphism σ : γ¯1G → γ¯2G by σh. Also given h ∈ G, we get a morphism
σh : γ¯1G→ γ¯2G as σh : γ¯1g 7→ γ¯2hg. And hence the map ψ : σh 7→ h is a bijection from N
∗L(S)
to G.
Now if γ1 = (γ¯1, λk), γ2 = (γ¯2, λl) and γ3 = (γ¯3, λm), for σh : γ¯1G→ γ¯2G and σk : γ¯2G→ γ¯3G,
(γ¯1g)σh ◦ σk = (γ¯2hg)σk = γ¯3khg.
Also (γ¯1g)σkh = γ¯3khg (by the uniqueness of ρ(kh) : λ¯m → λ¯k).
So σh ◦ σk = σkh and thus (σh ◦ σk)ψ = (σkh)ψ = kh = (σk)ψ ◦ (σh)ψ.
Hence the result.
Observe that the R relation of γ1 = (γ¯1, λk) ∈ TL(S) depends only on γ¯1 and not on λk and
so we will denote the R classes of TL(S) by Rγ¯ such that γ¯ ∈ G
Λ.
Remark 23. By Remark 10, we can use the above discussion to characterize the normal cate-
gories R(S) and N∗R(S). Any principal right ideal of S will be of the form G × {i} × Λ such
that i ∈ I. And so
vR(S) = {G× {i} × Λ : i ∈ I}.
Henceforth we will denote the right ideal (a, i, λ)S = G×{i}×Λ by i¯ and the set vR(S) will be
denoted by I¯. Any morphism in R(S) from eS = i¯1 to fS = i¯2 is of the form κ(e, u, f) where
u ∈ fSe. As argued for L(S), any morphism from i¯1 to i¯2 maps (h, i1, λ) 7→ (gh, i2, λ) for g ∈ G
and the set of morphisms from i¯1 to i¯2 is
R(S)(i¯1, i¯2) = {(h, i1, λ) 7→ (gh, i2, λ) : g ∈ G}.
But since the translation is on the left, the set of morphisms from i¯1 to i¯2 is bijective with
the group Gop and each g ∈ G will map (h, i1, λ) 7→ (gh, i2, λ). Henceforth we will denote this
morphism as κ(g) when there is no ambiguity regarding the domain and range.
Proceeding the same way as for L(S), we can show that TR(S) the semigroup of normal cones
in R(S) is isomorphic to (GI ⋉I)op the opposite of semi-direct product of GI and I with respect
to the left action defined as follows.
ik ∗ (g1, g2, ...) = (gk, gk, ...)
And hence given δ1 = (δ¯1, ik), δ2 = (δ¯2, il) ∈ G
I × I = TR(S), the multiplication is defined as
δ1 ∗ δ2 = (g¯k.δ¯1, il) (10)
where gk = δ¯2(λk) and g¯k = (gk, gk, ...) ∈ G
I .
We also see that the normal dual N∗R(S) is isomorphic to GI/G, the right cosets of G in GI
and a morphism denoted by τh : Gδ¯1 → Gδ¯2 maps gδ¯1 7→ ghδ¯2. And consequently the set of
morphisms is bijective with the group G.
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4 Cross-connections of completely simple semigroups
We have characterized the normal categories associated with a completely simple semigroup.
Now we proceed to construct completely simple semigroup as the cross-connection semigroup
using the appropriate local isomorphisms between the categories.
Firstly, recall that any cross-connection Γ fromR(S)→ N∗L(S) is a local isomorphism such that
for every c ∈ vL(S), there is some d ∈ vR(S) such that c ∈MΓ(d) .ie Γ is a local isomorphism
from I¯ → GΛ/G such that for every λ¯ ∈ Λ¯, there is some i¯ ∈ I¯ such that λ¯ ∈MΓ(¯i).
We define Γ : I¯ → GΛ/G such that
vΓ : i¯ 7→ aiG Γ : κ(g) 7→ σg (11)
for any ai ∈ G
Λ.
Proposition 24. The functor Γ defined in equation 11 is a local isomorphism.
Proof. Firstly if i¯1 = i¯2, then i1 = i2 and hence vΓ is well-defined. Also if κ(g1) = κ(g2); then
g1 = g2 and hence Γ is well-defined on morphisms as well. Also Γ(κ(g1).κ(g2)) = Γ(κ(g2g1)) =
σg2g1 = σg1 .σg2 . Hence Γ is a well-defined covariant functor.
Since there are no non trivial inclusions in either categories, Γ is trivially inclusion preserving.
Since the set of morphisms between any two objects is bijective with Gop in both cases, Γ is
fully-faithful. Further since there are no non trivial inclusions, the ideal 〈¯i〉 is i¯ and so Γ on 〈¯i〉
is an isomorphism. Hence Γ is a local isomorphism.
Corollary 25. Γ as defined in equation 11 is a cross-connection.
Proof. By Proposition 24, Γ is a local isomorphism. Since Λ¯ is a groupoid, MΓ(¯i) = Λ¯ for every
i¯ ∈ I¯. And so for every λ¯ ∈ Λ¯, there is a i¯ ∈ I¯ (infact for every i¯ ∈ I¯) such that λ¯ ∈ MΓ(¯i).
Hence Γ is a cross-connection.
Theorem 26. Each cross-connection Γ in a completely simple semigroup determines a Λ × I
matrix A with entries from the group G such that Γ(¯i) = Ai where Ai is the i−th column of A.
Proof. Given a cross-connection Γ : I¯ → GΛ/G such that vΓ : i¯ 7→ aiG where ai ∈ G
Λ, let A be
an Λ× I matrix whose columns are ai for i ∈ I. Since ai ∈ G
Λ, we have ai(λ) = aλi ∈ G. Then
A is a Λ× I matrix with entries in G.
Proposition 27. Similarly a dual cross-connection ∆ : Λ¯→ GI/G can be defined as follows.
v∆ : λ¯ 7→ Gbλ ∆ : ρ(g) 7→ τg (12)
for any bλ ∈ G
I . And this gives rise to a Λ× I matrix B.
Proof. As in the proof of propositions 24, ∆ is a fully-faithful, inclusion preserving covariant
functor. And since there are no non trivial inclusions, 〈λ¯〉 = λ¯ and hence ∆〈λ¯〉 is an isomorphism.
Also since MΓ(λ¯) = I¯ for every λ¯ ∈ Λ¯, ∆ is a cross-connection. Further defining the λ-th row
Bλ of the matrix B as Bλ = bλ, B will be an Λ× I matrix with entries from the group G.
We have seen that cross-connections in a completely simple semigroup correspond to matri-
ces. Now we proceed to show that given a matrix P we can define a cross-connection and its
dual. We construct the cross-connection semigroup of this connection and show that it is iso-
morphic to the completely simple semigroup M [G; I,Λ;P ]. For that end, we need the following
results.
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Proposition 28. Given a Λ×I matrix P with entries from the group G, we define Γ : I¯ → GΛ/G
such that
vΓ : i¯ 7→ piG Γ : κ(g) 7→ σg (13)
where pi is the i-th column of the matrix P . This gives a cross-connection such that the functor
defined by ∆ : Λ¯→ GI/G as follows is the dual connection.
v∆ : λ¯ 7→ Gp¯λ ∆ : ρ(g) 7→ τg (14)
where p¯λ is the λ-th row of P .
Proof. The proof follows from the proof of Proposition 24, Corollary 25 and Proposition 27.
Given a cross-connection and a dual, there are bi-functors associated with each of them. The
following lemma characterizes the bi-functors associated with the above cross-connections Γ and
∆.
Lemma 29. The bi-functors Γ(−,−) and ∆(−,−) associated with the above cross-connection
are defined as follows.
For (λ¯, i¯) ∈ Λ¯× I¯
Γ(−,−) : Λ¯× I¯ → Set, Γ(λ¯, i¯) = (piG,λ) (15)
and for ρ(g2) : λ¯1 → λ¯2, κ(g1) : i¯1 → i¯2
Γ(ρ(g2), κ(g1)) : (pi1g, λ1) 7→ (pi2g1gg2, λ2).
Also for (λ¯, i¯) ∈ Λ¯× I¯
∆(−,−) : Λ¯× I¯ → Set, ∆(λ¯, i¯) = (Gp¯λ, i) (16)
and for ρ(g2) : λ¯1 → λ¯2, κ(g1) : i¯1 → i¯2
∆(ρ(g2), κ(g1)) : (g ¯pλ1 , i1) 7→ (g1gg2 ¯pλ2 , i2).
Proof. Recall from Remark 4 that given a cross-connection Γ : D → N∗C, we have a unique
bifunctor Γ(−,−) : C×D → Set defined by Γ(c, d) = Γ(d)(c) and Γ(f, g) = (Γ(d)(f))(Γ(g)(c′)) =
(Γ(g)(c))(Γ(d′)(f)) for all (c, d) ∈ vC × vD and (f, g) : (c, d) → (c′, d′). So given the cross-
connection Γ : I¯ → GΛ/G as defined in equation 13, Γ(λ¯, i¯) = Γ(¯i)(λ¯) = (piG,λ).
And given (ρ(g2), κ(g1)) : (λ¯1, i¯1)→ (λ¯2, i¯2),
Γ(ρ(g2), κ(g1)) = (Γ(i¯1)(ρ(g2)))(Γ(κ(g1))(λ¯2)) = (pi1G(ρ(g2)))(σg1(λ¯2)).
And so for γ = (pi1g, λ1) ∈ Γ(λ¯1, i¯1),
((pi1g, λ1)) (pi1G(ρ(g2)))(σg1(λ¯2)) = (pi1gg2, λ2)σg1(λ¯2) = (pi2g1gg2, λ2).
Also observe that ((pi1g, λ1))(Γ(κ(g1))(λ¯1))(Γ(i¯2)(ρ(g2))) = (pi2g1gg2, λ2).
Hence Γ(ρ(g2), κ(g1)) : (pi1g, λ1) 7→ (pi2g1gg2, λ2).
Similarly corresponding to ∆ : C → N∗D, we have ∆(−,−) : C ×D → Set defined by ∆(c, d) =
∆(c)(d) and ∆(f, g) = (∆(c)(g))(∆(f)(d′)) = (∆(f)(d))(∆(c′)(g)) for all (c, d) ∈ vC × vD and
(f, g) : (c, d)→ (c′, d′). So given the dual cross-connection ∆ : Λ¯→ GI/G as defined in equation
12,
∆(λ¯, i¯) = ∆(λ¯)(¯i) = (Gp¯λ, i).
And given (ρ(g2), κ(g1)) : (λ¯1, i¯1)→ (λ¯2, i¯2),
∆(ρ(g2), κ(g1)) = (∆(λ¯1)(κ(g1)))(∆(ρ(g2))(i¯2)) = (G ¯pλ1(κ(g1)))(τg2(i¯2)).
And so for δ = (g ¯pλ1 , i1) ∈ ∆(λ¯1, i¯1),
((g ¯pλ1 , i1)) (G ¯pλ1(κ(g1)))(τg2(i¯2)) = (g1g ¯pλ1 , i2)τg2(i¯2) = (g1gg2 ¯pλ2 , i2).
Also ((g ¯pλ1 , i1))(∆(ρ(g2))(i¯1))(∆(λ¯2)(κ(g1)) = (g1gg2 ¯pλ2 , i2). Hence the lemma.
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Given a cross-connection, we can associate two regular semigroups UΓ and U∆ with them.
The following lemma describes these semigroups.
Lemma 30. Let Γ be the cross-connection of R(S) with L(S) of the completely simple semi-
group S as defined in equation 13. Then
UΓ = {(γ¯, λ) ∈ GΛ × Λ : γ¯ = pig for some g ∈ G and i ∈ I; λ ∈ Λ} (17a)
U∆ = {(δ¯, i) ∈ GI × I : δ¯ = gp¯λ for some g ∈ G and λ ∈ Λ; i ∈ I}. (17b)
And UΓ and U∆ form regular subsemigroups of GΛ ⋉ Λ and (GI ⋉ I)op respectively.
Proof. Recall that given a cross-connection Γ of D with C, UΓ =
⋃
{ Γ(c, d) : (c, d) ∈ vC×vD}
and U∆ =
⋃
{ ∆(c, d) : (c, d) ∈ vC × vD}.
Since Γ(λ¯, i¯) = (piG,λ) = {(pig, λ) : g ∈ G},
UΓ =
⋃
{(pig, λ) : g ∈ G and (λ, i) ∈ Λ× I} = {(pig, λ) : g ∈ G, i ∈ I, λ ∈ Λ}. Hence
UΓ = {(γ¯, λ) ∈ GΛ ⋉ Λ : γ¯ = pig for some g ∈ G and i ∈ I; λ ∈ Λ}
Now given a = (piaga, λa), b = (pibgb, λb) ∈ UΓ,
(piaga, λa).(pibgb, λb) = (piagapλaibgb, λb). Since gapλaibgb = g
′ ∈ G, we have a.b = (piag
′, λb) ∈
UΓ. So UΓ is a subsemigroup of GΛ ⋉ Λ.
Also given a = (piaga, λa), if we take b = (pia(pλaiagapλaia)
−1, λa)
then aba = (piaga, λa)(pia(pλaiagapλaia)
−1, λa)(piaga, λa)
= (piagapλaia(pλaiagapλaia)
−1, λa)(piaga, λa) = (piagapλaia(pλaiagapλaia)
−1pλaiaga, λa)
= (piagapλaiap
−1
λaia
g−1a p
−1
λaia
pλaiaga, λa) = (piaga(pλaiap
−1
λaia
)g−1a (p
−1
λaia
pλaia)ga, λa)
= (piagag
−1
a ga, λa) = (pia(gag
−1
a )ga, λa) = (piaga, λa) = a.
Hence a−1 = (pia(pλaiagapλaia)
−1, λa) and UΓ is regular.
Similarly since ∆(λ¯, i¯) = (Gp¯λ, i) = {(gp¯λ, i) : g ∈ G}, U∆ =
⋃
{(gp¯λ, i) : g ∈ G and (λ, i) ∈
Λ× I} = {(gp¯λ, i) : g ∈ G, i ∈ I, λ ∈ Λ}. Hence
U∆ = {(δ¯, i) ∈ GI ⋉ I : δ¯ = gp¯λ for some g ∈ G and λ ∈ Λ; i ∈ I}.
Now given a = (ga ¯pλa , ia), b = (gbp¯λb , ib) ∈ U∆, taking gbpλbiaga = g
′ ∈ G, we have a.b =
(g′ ¯pλa , ib) ∈ U∆ and U∆ is a subgroup of (G
I
⋉ I)op.
Also given a = (ga ¯pλa , ia), if we take b = ((pλaiagapλaia)
−1 ¯pλa, ia), then aba = a and hence U∆
is regular.
Hence the lemma.
For a cross-connection Γ and the associated bi-functors Γ(−,−) and ∆(−,−), we can asso-
ciate a natural isomorphism between them called the duality χΓ. The following lemma describes
the duality associated with the cross-connection Γ.
Lemma 31. Given the cross-connection Γ as defined in equation 13, the duality χΓ : Γ(−,−)→
∆(−,−) associated with Γ is given by
χΓ(λ¯, i¯) : (pig, λ) 7→ (gp¯λ, i) (18)
Proof. To show that χΓ is the duality associated with S, we firstly show that the map χΓ(λ¯, i¯)
is a bijection of the set Γ(λ¯, i¯) onto the set ∆(λ¯, i¯). But since Γ(λ¯, i¯) is the set (piG,λ) =
{(pig, λ) : g ∈ G}, |Γ(λ¯, i¯)| = |G|. Similarly ∆(λ¯, i¯) is the set (gp¯λ, i) = {(gp¯λ, i) : g ∈ G} and
so |∆(λ¯, i¯)| = |G|. Hence |Γ(λ¯, i¯)| = |∆(λ¯, i¯)| and hence the map χΓ(λ¯, i¯) is a bijection.
Now we show that χΓ is a natural isomorphism. Let (ρ(g2), κ(g1)) ∈ L(S) ×R(S) with ρ(g2) :
λ¯1 → λ¯2 and κ(g1) : i¯1 → i¯2. Then for a = (pi1ga, λ1) ∈ Γ(λ¯1, i¯1),
((pi1ga, λ1))χΓ(λ¯1, i¯1)∆(ρ(g2), κ(g1)) = ((ga ¯pλ1 , i1))∆(ρ(g2), κ(g1)) = (g1gag2 ¯pλ2 , i2).
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Also
((pi1ga, λ1))Γ(ρ(g2), κ(g1))χΓ(λ¯2, i¯2) = ((pi2g1gag2, λ2))χΓ(λ¯2, i¯2) = (g1gag2 ¯pλ2 , i2).
Hence (a)χΓ(λ¯1, i¯1)∆(ρ(g2), κ(g1)) = (a)Γ(ρ(g2), κ(g1))χΓ(λ¯2, i¯2) ∀a ∈ Γ(λ¯1, i¯1) and so χΓ is
a natural isomorphism. And χΓ is the duality associated with S.
For a cross-connection Γ, we consider the pairs of linked cones (γ, δ) ∈ UΓ × U∆ inorder
to construct the cross-connection semigroup. The following lemma gives the characterization of
the linked cones in terms of the cross-connection.
Proposition 32. γ = (γ¯, λ) ∈ UΓ is linked to δ = (δ¯, i) ∈ U∆ if and only if γ¯ ∈ Γ(¯i), δ¯ ∈ ∆(λ¯)
and (pi
−1γ¯)1 = (δ¯p¯λ
−1)1 where pi is the i-th column and p¯λ is the λ-th row of P .
Proof. Firstly observe that pi
−1 = (pλ1i
−1, pλ2i
−1, ...) and p¯λ
−1 = (pλi1
−1, pλi2
−1, ...); and hence
pi
−1γ¯ ∈ GΛ and δ¯p¯λ
−1 ∈ GI . Thus (pi
−1γ¯)1 and (δ¯p¯λ
−1)1 denote pi
−1γ¯(λ1) and δ¯p¯λ
−1(λ1)
respectively.
Now recall that γ ∈ UΓ is linked to δ ∈ U∆ if there is a (λ¯, i¯) ∈ Λ¯× I¯ such that γ ∈ Γ(λ¯, i¯) and
δ = χΓ(λ¯, i¯)(γ). If γ = (pig, λ) is linked to δ, then there is a (λ¯, i¯) ∈ Λ¯× I¯ such that γ ∈ Γ(λ¯, i¯)
and δ = χΓ(λ¯, i¯)(γ). Then γ = (pig, λ) ∈ Γ(¯i)(λ¯) and Γ(¯i) = piG. Thus γ¯ = pig ∈ Γ(¯i). Also
since δ = χΓ(λ¯, i¯)(γ) = χΓ(λ¯, i¯)(pig, λ) = (gpλ, i) ∈ ∆(λ¯)(¯i) and ∆(λ¯) = Gpλ, δ¯ = gpλ ∈ ∆(λ¯).
Now pi
−1γ¯ = pi
−1pig = (pλ1i
−1pλ1ig, pλ2i
−1pλ2ig, ...) = (g, g, ...); and hence (pi
−1γ¯)1 = g.
Similarly since δ¯p¯λ
−1 = (gp¯λp¯λ
−1) = (g, g, ...), (δ¯p¯λ
−1)1 = g and hence (pi
−1γ¯)1 = (δ¯p¯λ
−1)1.
Conversely if γ¯ ∈ Γ(¯i), δ¯ ∈ ∆(λ¯) and (pi
−1γ¯)1 = (δ¯p¯λ
−1)1, then since γ¯ ∈ Γ(¯i), γ = (γ¯, λ) ∈
Γ(¯i)(λ¯) = Γ(λ¯, i¯). Also since δ¯ ∈ ∆(λ¯), δ = (δ¯, i) ∈ ∆(λ)(i) = ∆(λ¯, i¯); and hence δ = (g1p¯λ, i)
for some g1 ∈ G. Now if γ = (pig, λ), then χΓ(λ¯, i¯)(γ) = χΓ(λ¯, i¯)(pig, λ) = (gp¯λ, i). Now since
(pi
−1γ¯)1 = (δ¯p¯λ
−1)1, (δ¯)1 = p
−1
1i (γ¯)1pλ1 = p
−1
1i (p1ig)pλ1 = gpλ1. But since (δ¯)1 = (g1pλ1), we
have g1pλ1 = gpλ1, and hence g1 = g. Thus δ = (gp¯λ, i) = χΓ(λ¯, i¯)(γ) and γ is linked to δ.
Now we proceed to give an alternate description of the linked cones in terms of the compo-
nents which will lead us to the representation of the completely simple semigroup as a cross-
connection semigroup.
Lemma 33. γ = (pi1g1, λ1) ∈ UΓ is linked to δ = (g2 ¯pλ2 , i2) ∈ U∆ if and only if i1 = i2, λ1 = λ2
and g1 = g2. Hence a linked cone pair will be of the form ((γ¯, λ), (δ¯, i)) for i ∈ I, λ ∈ Λ and
γ¯ = pig and δ¯ = gp¯λ for some g ∈ G.
Proof. As above, γ ∈ UΓ is linked to δ ∈ U∆ if there is a (λ¯, i¯) ∈ Λ¯ × I¯ such that γ ∈ Γ(λ¯, i¯)
and δ = χΓ(λ¯, i¯)(γ). Also recall that γ ∈ UΓ is linked to δ ∈ U∆ with respect to Γ if and
only if δ is linked to γ with respect to ∆ .ie there is a (λ¯, i¯) ∈ Λ¯ × I¯ such that δ ∈ ∆(λ¯, i¯) and
γ = χ∆(λ¯, i¯)(δ) where χ∆ = χΓ−1 : ∆(−,−)→ Γ(−,−).
Now firstly, if i1 = i2, λ1 = λ2 and g1 = g2, then χΓ(λ¯1, i¯1)(γ) = χΓ(λ¯1, i¯1)(pi1g1, λ1) =
(g1 ¯pλ1 , i1) = (g2 ¯pλ2 , i2) = δ and hence γ is linked to δ.
Conversely if γ is linked to δ, then χΓ(λ¯1, i¯1)(γ) = χΓ(λ¯1, i¯1)(pi1g1, λ1) = (g1 ¯pλ1 , i1) = δ =
(g2 ¯pλ2 , i2). .ie (g1 ¯pλ1 , i1) = (g2 ¯pλ2 , i2). And since δ will be linked to γ, we also have (pi1g1, λ1) =
(pi2g2, λ2).
Comparing the equations, we have i1 = i2, λ1 = λ2 and pλki1g1 = pλki2g2 for every k ∈ Λ. Since
i1 = i2 and in particular for k = 1, we have pλ1i1g1 = pλ1i1g2. So g1 = g2 and hence the proof.
The second statement is now straight forward.
Earlier we showed that a cross-connection determines a matrix. Now we are in a posi-
tion to show that given a matrix P , we can define a cross-connection and use it to construct
a cross-connection semigroup which will be isomorphic to the completely simple semigroup
M [G; I,Λ;P ].
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Theorem 34. Given a Λ × I matrix P with entries from the group G, we can define a cross-
connection Γ. And the cross-connection semigroup S˜Γ is isomorphic to the completely simple
semigroup S = M [G; I,Λ;P ].
Proof. Given a Λ× I matrix P with entries from the group G, define Γ as defined in equations
13 and 14. By Proposition 28, it is a cross-connection. Now recall that the cross-connection
semigroup S˜Γ of linked cone pairs is given by
S˜Γ = { (γ, δ) ∈ UΓ× U∆ : (γ, δ) is linked }
with the binary operation defined by
(γ, δ) ◦ (γ′, δ′) = (γ.γ′, δ′.δ)
for all (γ, δ), (γ′, δ′) ∈ S˜Γ. Firstly from Lemma 33; a linked cone pair will be of the form
((pig, λ), (gpλ, i)) for g ∈ G, i ∈ I, λ ∈ Λ. Thus
S˜Γ = {((pig, λ), (gp¯λ, i)) : g ∈ G, i ∈ I, λ ∈ Λ} (19)
with the binary operation ◦ as follows.
((pi1g1, λ1), (g1 ¯pλ1 , i1)) ◦ ((pi2g2, λ2), (g2 ¯pλ2 , i2)) =
((pi1g1pλ1i2g2, λ2), (g1pλ1i2g2 ¯pλ2 , i1))
(20)
Observe here that the multiplication in the second component is taken in the opposite order
.ie in U∆op. Now we will show that S˜Γ is isomorphic to the completely simple semigroup
S = M [G; I,Λ;P ].
For that define a map ϕ : S → S˜Γ as follows.
(g, i, λ)ϕ = ((pig, λ), (gp¯λ, i)) (21)
Clearly ϕ is well-defined and is onto. The fact that ϕ is a homomorphism follows from the proof
of Proposition 17 and its dual; by observing that ((pig, λ), (gp¯λ, i)) = (ρ
(g,i,λ), λ(g,i,λ)). Now to
see that it is injective, suppose if (g1, i1, λ1)ϕ = (g2, i2, λ2)ϕ. Then ((pi1g1, λ1), (g1 ¯pλ1 , i1)) =
((pi2g2, λ2), (g2 ¯pλ2 , i2)). Comparing the vertices, we see that i1 = i2 and λ1 = λ2. We also have
pi1g1 = pi2g2 .ie pλki1g1 = pλki2g2 for every k, and in particular for k = 1 .ie pλ1i1g1 = pλ1i2g2.
And since i1 = i2, we have pλ1i1g1 = pλ1i1g2 =⇒ g1 = g2. Thus (g1, i1, λ1) = (g2, i2, λ2)
and hence ϕ is injective. Thus S˜Γ is isomorphic to the completely simple semigroup S =
M [G; I,Λ;P ].
Thus the semigroup S˜Γ as defined in equation 19 is a representation of the completely
simple semigroup S, wherein each element (g, i, λ) of the semigroup is represented as a pair
of normal cones ((pig, λ), (gpλ, i)) and multiplication is a semi-direct product multiplication on
each component (see equation 20). We conclude by giving a special case of the result using
which one can construct a rectangular band of groups.
Corollary 35. We can define a cross-connection Γ : I¯ → GΛ/G such that
vΓ : i¯ 7→ G Γ : κ(g) 7→ σg (22)
with the dual connection defined by ∆ : Λ¯→ GI/G
v∆ : λ¯ 7→ G ∆ : ρ(g) 7→ τg. (23)
Then
UΓ = {(g¯, λ) : g ∈ G,λ ∈ Λ} and U∆ = {(g¯, i) : g ∈ G, i ∈ I}.
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where g¯ = (g, g, g, ...). Then the duality χΓ : Γ(−,−)→ ∆(−,−) associated with S is given by
χΓ(λ¯, i¯) : (g¯, λ) 7→ (g¯, i) (24)
And consequently γ = (g¯1, λ) ∈ UΓ is linked to δ = (g¯2, i) ∈ U∆ ⇐⇒ g1 = g2.
Further S˜Γ for this cross-connection is given by
S˜Γ = {((g¯, λ), (g¯, i)) : g ∈ G, i ∈ I, λ ∈ Λ} (25)
with the binary operation ◦
((g¯1, λ1), (g¯1, i1)) ◦ ((g¯2, λ2), (g¯2, i2)) = ((g1g2, λ2), (g1g2, i1)). (26)
Then S˜Γ is isomorphic to the rectangular band of groups S = G× I × Λ.
Proof. The corollary follows directly from the earlier results on completely simple semigroup
M [G; I,Λ;P ] by taking the sandwich matrix P as pλi = e for all λ ∈ Λ and i ∈ I where e is the
identity element of the group G.
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